Generative modeling via Schrodinger bridge
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Summary of the previous lecture (1/4)

m In the previous lecture we developed some theory for score-based
generative modeling;:
» Continuous time-reversal.
» Approximation theorem.
» Connection with Normalizing Flows.
» Accelerations of SGMs.
m Recall the basics of SGM:

» Sample a forward trajectory, noising the distribution.

| Xets = X = 1%+ V2120 |

» Sample a backward trajectory via ancestral sampling.

’Xk = Xit1 + Y{ X1 + so(kv, Xe1)} + /27 Zk41 - ‘

» Backward sampling relies on learning the score (score-matching)

(57 ) = Evgmitn 2| o U520 = V log pijo (XelXo) 7] = f € L*(px)} -
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Summary of the previous lecture (2/4)

Assume there exists M > 0 such that for any ¢ € [0, T] and x € R?
|lso= (¢, x) = Vlog pi(x)|| < M,

with sg« € C([0, T] x RY R?) and regularity conditions on the density of 7
w.r.t. the Lebesgue measure and its gradients.

Then there exist B, C,D > 0 s.t. for any N € N and {y:}}_, the following
hold:

I£(¥x) = 7llrv < Bexp[—T] + C(M + v'/*) exp[DT] .

where T = N~.

m A few remarks:
» The assumption on 7 is not satisfied if 7 defined on a manifold of R?
with dimension p < d.
» The approximation assumption is strong and could be relaxed.
» The term exp[DT] can be improved and turned into a polynomial
dependency.
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Summary of the previous lecture (3/4)

m Having a deterministic model is useful for:
» Likelihood computation
> Interpolation
» Temperature scaling

m We can explore the latent structure.

Figure 1: Interpolation with ODE. Image extracted from Song et al. (2021).
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Summary of the previous lecture (4/4)

m For high-quality image sampling vanilla SGMs are notably slow.

S ] y Teq y 5 10 pi gh qualty
sample. For DDPMs, this is because that the generative process (from noise to data) approximates
the reverse of the forward diffusion process (from data to noise), which could have thousands of
steps; iterating over all the steps is required to produce a single sample, which is much slower
compared to GANs, which only needs one pass through a network. For example, it takes around 20

c generation sample.

CT OF denoising Steps 15

ple. 1o gl ality sy
used (i.e. 1000 steps). A notable property of the diffusion process is a closed-form formulation of
Tetwork). Although very powerTul, score-based models generate data through an undesirably Iong
iterative process; meanwhile, other state-of-the-art methods such as GANs generate data from a single
forward pass of a neural network. Increasing the speed of the generative process is thus an active area

of research,

‘denoises The samples under (he Tixed noise schedule. However, DDPMS olfen need hundreds-1o-
thousands of denoising steps (each involving a feedforward pass of a large neural network) to achieve

However, GANs are typically much more efficient than DDPMs at generation time, often requiring

a single forward pass through the generator network, whereas DDPMs require hundreds of forward
a U-Net model. Instead of learning a generator directl:

asses through , DDPMs learn to convert
A'major downside to score-based generative models is that they require performing expen-
sive MCMC sampling, often with a thousand steps or more. As a result, they can be up
to three orders of magnitude slower than GANs, which only require a single network eval-
uation. To address this issue, Denoising Diffusion Implicit Models, or DDIMs, have been

nal A
Normalizing F
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Outline of the course

m We introduce basics Schrodinger bridges.

m Goal of the course:

» Introduce the Schrodinger bridge (SB) problem.
» Present algorithms to solve the SB problem.

m Outline of the course

» A dynamic and static Schrédinger bridges.
» Convergence of the Sinkhorn algorithm.
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Figure 2: A Schrodinger Bridge between two data distributions. Image
extracted from De Bortoli et al. (2021).
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The Schrodinger Bridge Problem



Outline of the section

m In this section:

» We present generative modeling via Schrodinger Bridge (SB).
» We introduce dynamic and static SB.

» We draw links with regularized Optimal Transport (OT).
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Figure 3: Entropic regularized OT. Image extracted from Peyré et al. (2019).
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Generative modeling and Schrodinger bridges
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The dynamical setting

m Problem introduced by Schrodinger (1932).

» Particles follow a Brownian motion.
» At t = T the observed distribution is different from a Brownian
evolution.

» What was the most likely evolution?

A first dynamical formulation:

7* = argmin{KL(n|7°) : m € P(R)"), m0 = vo, v = 11},

m where:

» 7° € P((RY)M) is a reference measure.
» ;€ P(R?) are extremal conditions i € {0,1}.
m 7" is the “closest” measure to 7’ such that its initial and terminal
conditions are fixed.
m The problem is said to be dynamical because it is defined on the state-space
(Rd)N+1,
m We will later see a static formulation.
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Generative modeling and Schrodinger bridge

m Recall that the dynamical formulation is given by

’W* = argmin{KL(7|7") : 7 € P(RH)Y), m = v, 7v = 1},

m Link with generative modeling:
> 7% € P((RY)N) is the discretization of the Ornstein-Ulhenbeck process.
» 1 is the data distribution.
» v = N(0,1d) is the easy-to-sample distribution.

m Contrary to classical SGM we do not require my ~ v; (N > 1 in vanilla SGM).

m In Schrédinger bridges this condition is imposed.

Figure 4: Noising and generative processes in SGM. Image extracted from
Song et al. (2021).
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The continuous dynamical setting

m The discrete dynamical formulation is given by

’W* = argmin{KL(7|7’) : 7 € P(RH)N), m = v, 7v = 1},

m We can also state the problem in continuous time:

> We replace P((R%)N) by P(C).
» C = ([0, T],R?), with the topology given by || - ||oo.
» Technical point: C is a Polish space.

m The continuous dynamical formulation is given by

II* = arg min{KL(II|TI°) : II € P(C), I = vy, Iy =111},

» II° € P((RY)V) is a reference measure.

» ;€ P(R?) are extremal conditions i € {0,1}.

m The discrete formulation can be seen as a discretization of the continuous

formulation.
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The static setting

m We have seen two different dynamical settings:

» The discrete formulation.

» The continuous formulation.

m We now present the static formulation.

*,

7* = arg min{KL(n|m) ) : 7 € P((R?)?),m = v, m = 11},

m where:

> 70 n € P((RY)?) is a reference measure.

» 1, € P(RY) are extremal conditions i € {0,1}.

» This amounts to finding the coupling the “closest” to 71'8’ N W.r.t. the
Kullback-Leibler divergence.

» We will see that these formulations are equivalent, when 7r87 ~ is the
marginal of 7° at time {0, N'}.
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Basics on disintegration

m Let X, Y be Polish spaces.

Let P € P(X) and ¢ : X — Y a measurable mapping.

Let Py = ¢4 P (in particular, Py € P(Y)).
m There exists Rp 4 a Markov kernel, i.e.

» Forany y € Y,Rp o(y, ) € P(X).
» Forany A € B(X),Re,4(-,A) : Y — [0, 1] is measurable.
» We have the disintegration formula

[P(A) = [y Re.o (3, A)PS ()

Example: if X = RY x R%L Y = R? and @(x1,x2) = x1. Assume that P admits a
positive density w.r.t. the Lebesgue measure. In this case:
» Py is the marginal w.r.t. the first component with density p(x;)
» Rp,, is the conditional probability of the second component given the
first with density p(xz|x1).
» The previous formula then simply states that p(xi, x;) = p(x:|x1)p(x1).
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The chain rule formula

m Using the disintegration of the measure we have the following result.

Chain rule for the Kullback-Leibler divergence Léonard (2014)

m Let X, Y be Polish spaces.
m Let P,Q € P(X), ¢ : X — Y measurable. Then, we have

KL(P|Q) = KL(P4|Q4) + [, KL(Re,4|Rq,4)dPs () -

o Pl Tl e kvt ety Dot ol ot flas i Rt e
d(x0,x1) = %0
KL(P|Q)= [zaypa 108(p(x0, x1)/q(x0, x1)) p(x0, X1 ) dxodxy
= Jraxra 108(p(x0)p(x1]x0) /{q(x0) q(x1|x0) }) p(x0, x1) dxodxs
= Jraxra 108(p(x0)/q(x0))p(x0)dxo
+ Jra(Jra log(p(x1]x0) / q(x1|x0)) p(ac1 [30) dxr ) p(x0 ) doxo -

m This formula is key for the analysis of Schrodinger bridges.
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Equivalence between static and dynamic (1/2)

m Recall the discrete dynamical formulation

’W* = arg min{KL(7|7°) : m € P(R)Y), 70 = w0, in =11},

m Recall the static formulation

’71-*’5 = argmin{KL(ﬂh‘rg#N) T TE ’P((Rd)z)aﬂo =w, m =}, ‘

Apply the chain rule formula with ¢(xo.n) = (%0, Xn),

KL(7|7’) = KL(7o,n|m0,n) + Jpayga KL(Rr, 6 [Roo g )dmo,n (%0, %v) -

m To minimize the RHS term under 7y = 1y and ™y = vy, we can set

Rﬂ-@ = R,rn‘d).

m We have that 7* = 7§ yRy0 4, with 75 v solution of the static problem, i.e.

T =7 R0 4 .
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Equivalence between static and dynamic (2/2)

m This equivalence gives us a way to sample from 7*:

» Sample (xo, xn) from 7°°.

» Sample from the bridge associated with 7° and extremal conditions xo, x.

Video extracted from a tweet by Lenaic Chizat.
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https://twitter.com/LenaicChizat/status/1271715250161803264

The potential approach
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Information geometry

m We start with a projection result by Csiszar (1975).
Csiszar (1975

Let (X, X') be a measurable space and F = {f; : i € I} a set of real-valued
measurable functions.

Let P’ € P(X) and let Pe(X) = {P € P(X) : sup; [, [f(x)|dP(x) < +o0}.
LetA={a; : i €1} and

Pea(X) = {P € Pe(X fx = a;, forany i€ I} .

Assume that there exists Q € Pr 4 such that KL(Q\IP’O) < +o0.
Then P* = argmin{KL(P|P°) : P € Pra(X)} exists is unique and there
exist:
g € F (closure in L' (IP*)), C > 0,
N with P*(N) = 0,
such that for any x € N, (dP* /dP°)(x) = 0 and for any x € X\N

(dP* /dP")(x) = Cexp[g(x)] -
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Exponential model

m A first case of application of the theorem: maximum entropy models.
m In this case |I| < 400 (finite family of constraints).

m We get that (if P* < P*) for any x € X

(dP* /dP®) (x) = exp[{0”, f(x))]/ Jx exp[{0", f (¥))]dP*(%) -

m In the previous lectures we showed that §* € RI'l could be interpreted as dual

parameters.

m In particular, under mild conditions, they can be obtain by solving the

following optimization problem

0* = arg min{log( [, exp[(f, f(%))]dP’(x)) : 0 € RI"Y .

m We obtain a family of (linear) exponential models (macrocanonical models).
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Schrodinger Bridges as projections

m We are going to see that the static Schrodinger Bridge problem can be seen as a
projection.
m We set the following:
> X= R, P =n)y € PX).
» F={fi®fi : fELl(u, ), i€ {0,1}}.
> A= {fRdﬁJ x)du(x) + fRdﬁ x)dvi(x) @ fi € Ll(l/i), ie{0,1}}.
m We obtain that Pr A(X) = {m € P(R?)?) : m = o, m = 11}

m Hence, we get that

’ arg min{KL(Tr|7'rgyN) : T =1y, m = v} = argmin{KL(7|P°) : m € Pra(X)} .

m Assuming that KL(vy ® v1|P°) < +00 we can apply the projection theorem
Csiszar (1975) and % = arg min{KL(n|m) x) : o = vy, T = 11} exists is
unique and there exist:

» g € F(closure in L' (IP*)), C > 0,

> N with P*(N) = 0,
m such that for any (x,y) € N, (dn**/d7g v)(x, y) = 0 and for any (x, y) € X\N

(d™* /dmon) (x, ) = Cexplg(x, )] -
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Optimal potential (1/2)

m Assuming that KL(vy ® 11|P°) < +00 we have that there exist:
» g € F(closure in L' (IP*)), C > 0,
> N with P*(N) =0,
m such that for any (x, y) € N, (d7**/d7g v)(x, y) = 0 and for any
(x,) € X\N '

(d** /dm ) (x, y) = Cexplg(x, y)] -
m What is the form of g?

Optimal potential Riischendorf and Thomsen (1993)

= Assume that KL(vo ® 14 |778 ~) < +00, then there exists gy, g1 measurable and
N with 7%°(N) = 0 such that for any (x,y) € N, (d7**/dn°)(x,y) = 0. In
addition, for any (x, y) € (R?)*\N we have

(dn™*/dmy ) (x, y) = Cexplen(x)] explea(y)]

m We have a factorized structure.

m We have shown that under mild conditions this structure is necessary.
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Optimal potential (2/2)

m Under a slightly stronger assumption we have the following theorem.
Nutz (2021

Assume that KL(p ® vi|m) y) < +00 and that m) v < 1 @ v1.
Then 7*° = arg min{KL(7|r{ y) : m = 1o, m1 = 11} exists is unique and there
exist go, g1 such that for any x, y € R?

(dr**/dn’)(x, ) = explgo(x) + £1(¥)]/ [igay exPlgo(X) + £1(P)]dn’ (%, 7) -

If there exists 7, g, g1 such that for any x, y € R?

(drr/dr’)(x, y) = explgo(x) + £1(¥))/ [igey exPleo(¥) + &:(3)ldn" (%, 3) ,

and my = 1y, T1 = 14, then ™ = 7°.

m How to find the potentials g, g:?
m These potentials satisfy a system of coupled equations.

m A modern overview of properties of Schrodinger bridges Nutz (2021).
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Schrodinger equations

m Under mild assumptions we have that

’ (dr*®/dn®) (x, y) = explgo(x) + g1(¥)] - ‘

m We recall that such a decomposition is necessary and sufficient.

m Agreement with the marginals: for any A, B € B(R?)

U (A) = [, pa €xplgo(x) + g1()]dn’(x, y)
11(B) = [ran s €xplgo(x) + g1 (¥)]d7r’(x, y) -

m These equations are called the Schrodinger equations.
m This a coupled system of equations.
m We will see that the Sinkhorn algorithm iteratively solves these equations.

m First proof of existence of such potentials by Fortet (see Léonard (2019) for a

recent presentation and survey).
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Discrete Dynamic potentials and twisted kernels

m Under mild assumptions we have

(dn**/dm x)(x, ) = HDAW) |

m We also have 7* = R0 _,, with ¢(x0.x) = (0, xv).

m Combining these two results we get that for any xp.x € (RN

| (@ /") () = flx)fyow) |

m Denote f = f;, fi¥ = f, and define for any £ € {1,...,N}
F () = fpa £ T (Rem1) 7)oy (| o1 )dxe—r
F(xe) = foa F (o) gy (e |xe) dxeg s -
m We get that for any k,¢ € {0,...,N} with k < ¢
(Ao ) (o) = B (R ()
m In particular, we get that for any k € {0,...,N — 1}

[ a9 = 7 Gaera )+ ) A5G |

m We obtain twisted kernels. This is a discrete Doob h-transform.
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Interlude on Doob h-transform (1/2)

m Let {Pys}s.tc(0,1],5<: @ Semi-group with infinitesimal generator
{Au}Yuepo,1), ie. forany s, t € [0, T], s < tand ¢ € C.(R)

Jaa 0(x) APy (3, Xs) = E[p(X,) [X,] = [{ El () (Xu) [XJdu .

m Let f € C*([0, T] x RY) such that 8,f; = —#(f;) (backward Kolmogorov

equation).

m Define the twisted generators {Ist\s}s,te[()}T],sSt such that

4P, %) = dPy. (0, %)) /() |

m Then, {P[\s}s,te[o,r],ggf a semi-group with infinitesimal generator
{qu}ug[o)ﬂ such that

| i) = () + (Voo, VIos(f) -

m This is assuming that 27,(¢) = (bu, @) + (1/2)A¢.
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Interlude on Doob h-transform (2/2)

m Let us prove this fact. Let s, ¢ € [0, T] with t > s
E[p(X:) 1Xs] = E[p(X:)f:(X) [X:]/fi(Xs) -
m We have

Elp(X)fi(X )\X} P(X)f(X)= [ E{Aulpf) + pOufi} (Xu) |Xi]du
[{<. )f+<V%0Vf>+W<f(f)+<ﬂ6f}( o) [X]du

[{. s@)f + (Veo, Vi) }Xa) [Xs]du
{ () +
E2

Ve, Viog(fu)) } (Xu)fu(Xu) [Xs]du
0) (Xu) fu(Xu) [Xs]du
) [y E[W ¢)(Xu) [XiJdu .

E[{
E[{
E[{
E

I
I
I
I
fiX

m Hence, we get that

Elp(X,) [X] = o(X:) + [/ E[(p)(Xu) [XJdu

26/49



Continuous dynamic potentials

m Back to the Schrodinger bridge problem.

m We consider the continuous dynamic problem

’H* = argmin{KL(H|H0) : L ePC), 1y =w, It =11}, ‘

m Under mild assumptions, we have that for any w € C

| (@11 /dI1°) (@) = fiwo)fr(wr)
m Define for any ¢ € [0, T]

1o (wr) fRdﬁ] wo)IT® (we|wo)dws

fHwr) = fga frwr)I*(wr|wr)dwr .

m If we denote P,|, the semi-group associate with I1° then f’t|s, the semi-group
associated with IT* is the Doob h-transform with twist {f7 },e(o,7-

m In particular if TI° is associated with dX; = b(X:)dt + dB; then IT* is
associated with dX; = {b(X;) + V log f{(X;) }dt + dB,.
m This formulation can be linked with stochastic control Dai Pra (1991).
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A quick summary

m The Schrodinger bridge problem is a theoretically grounded framework
for generative modeling,.

m This problem can be formulated in a dynamical or static setting.
m We show the existence of potentials for the solutions.

m These potentials correspond to a twisting dynamic in the discrete and
continuous-time Schrédinger bridge problem.

m In what follows, we draw a link with Entropic Regularized Optimal
Transport.

Figure 5: Noising and generative processes in SGM. Image extracted from
Song et al. (2021).
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Regularized Optimal Transport
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Basics on Optimal transport

m Recall that Optimal transport corresponds to finding the solution of

A" = arg min{f(Rd>2 c(x, y)dA(x,y) : Ao =10, At =11} .

» cis the cost function.
» A* is the optimal coupling.
m If c(x, y) = (1/2)||x — y||* and under mild regularity assumptions on vy, 3
this problem coincides with the Brenier problem

T* = argmin{ [, c(x, T(x))dvo(x) : T € L% (), Turo =11} . ‘

m We get that A* = (Id, T)»v0.

Figure 6: Examples of Optimal Transport. Image extracted from Peyré et al. (2019).
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Entropic Regularized Optimal Transport

m Entropic Regularized Optimal Transport

Al = arg min{f(Rd)z c(x, y)dA(x, y) + eKL(Almo @ m1) : Ao =10, Ay =11} .

> m,m € PRY.
» The solution is the same if 7y, 7, replaced by 7o, 7; € P(RY), see (Peyré
et al., 2019, Proposition 4.2).
m This regularization allows for fast algorithms in discrete state spaces such as

the Sinkhorn algorithm.

m Entropic optimal transport plans are more diffuse.

=10 e=1 c=10""! =102

Figure 7: Entropic regularized OT. Image extracted from Peyré et al. (2019).
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From Schrodinger Bridge to OT (1/2)

m Recall the static formulation

*

* = argmin{KL(n|m y) : m € P((RY)?), m = w0, m = 11},

E

m Assume that the reference measure is of the form

)7(1'/2

dmon(x, y) = (2me) ™" exp[~||x — yII/(2¢)]dvo(x)dy .

m Note that in the continuous setting with is equivalent to choosing a reference

measure I1° associated with (B(e/1)t) 1€, 1) @ time-rescaled Brownian motion.

m Let 7 € P((R%)?) with my = v and 71; = 14. Using the chain-rule with
¢(x,y) = x we have

KL (] x) = KL(lm ) + foa KL(Rr g Rep | o)d00(x) -

m This can be rewritten as

KL(m|mo,x) = Jpaxpa 108((dRx, o /dLeb) (y]x) (2e)* expll|x — yl|*/(2¢)])dm (x, y) -
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From Schrodinger Bridge to OT (2/2)

m We have

KL(7|70n) = [ a 108((dRr s /dLeb) (y]x) (2me)* expl||x — yl|*/(2¢)])dn(x, y) -

m This can again be written as

KL(r|m3) = (26) ™ fia g IIx — Y1 d(x, ) + KL(loo ® 14 + € )

m Therefore, we have that a Schrédinger bridge with reference measure
(B(c/1t)1eo, 1) is equivalent (in its static formulation) to the c-entropic
regularized OT.

Video extracted from a tweet by Lenaic Chizat. e


https://twitter.com/LenaicChizat/status/1271715250161803264

A limit theorem

m The following result from Mikami (2004) shows the connection between
Schrodinger bridges and Optimal Transport.
Limits of Schrodinger bridge Mikami (2004)

u Assume that the reference measure is associated with (B(c /7)) reo,1]-
= Denote 7;*° the solution of the static Schrédinger bridge.
u Under mild assumptions we have

limg_m EKL(W;’”W&;) = ‘A’%(V@7 1/1) B

m We have that lim. o 72° = (Id, T) 410, the Optimal Transport plan w.r.t. the
Wasserstein distance of order 2.

m What happens if the reference dynamic is not a Brownian motion?

m If the dynamics is an Ornstein-Ulhenbeck process then we still get a
quadratic cost but instead of (1/2)||x — y||* we get (1/2)||x — e~ " y||%.

m Correlate with the intuition that (in the Ornstein-Ulhenbeck setting) when
T — 400, the Schrédinger bridge is closer to vy ® v.
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The Sinkhorn algorithm



Outline of the section

m So far we have introduced the Schrédinger bridge in their static and

dynamic formulations.

m We have seen a potential formulation and a link with entropic
regularized OT.

m Most of the time Schrodinger bridges are untractable. How can we

approximate them?

m We are going to study an efficient algorithm to approximate the potentials.

m In this section:

» Introduction of the Sinkhorn algorithm.
» Geometric convergence in the compact setting.
» Convergence results in the non-compact setting.
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Introduction of the algorithm (1/2)

m Recall the Schrédinger equations: for any A, B € B(R?) we have
v0(A) = [y, e explgo(x) + &1 (¥)]dn’ (x, y) ,
11(B) = [payg xPlgo(x) + g1()]dn’(x, y) .

m We want to solve these equations in gy, g1. In what follows we overload the
notations and denote vy, 1, 7 the density w.r.t. the Lebesgue measure of

these probabilities. The Schrédinger equations become
fi(x) = () (Jpa ()7 (x, y)dy) ",
) = () (Ja h(x)7° (x, y)da) " .
m Start with f{ = f{ = 1 and define
£ = () (Jpa ()7 (3, y)dx)
) = () (Jpa i )7 (2, y)dy) 7

m Iteratively solve the system of equations looking for a fixed point.

m This is the Sinkhorn algorithm, also sometimes called Iterative
Proportional Fitting (IPF).
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Introduction of the algorithm (2/2)

m We obtain a sequence of measures 72" (x, y) = 7°(x, y)f*(x)fi"(y) and
T (x,y) = 7, F R (9)-
m Under mild assumptions we have that
™ = argmin{KL(x|7*") : 7 € P(RY)?), m = w},
7" = arg min{KL(x|7*""") : 7 € P((RY?), m = o} .
m The Sinkhorn algorithm amounts to solving half-bridges.

m This is an alternate projection scheme w.r.t. the Kullback-Leibler

divergence.

Figure 8: Solving half-bridges. Image extracted from Bernton et al. (2019).
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Convergence in the compact case
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Geometric convergence

m We are going to restrict ourselves to the compact setting.

m Instead of assuming that the distributions are supported on RY we assume

that they are supported on a compact set K.
m The results obtained so far remain true.
m We are going to prove the following theorem
Geometric convergence

= Let (7")ncw be the sequence obtained with the Sinkhorn algorithm and 7* the
Schrodinger bridge. Under mild assumptions, we have

‘Wl(w",ﬂ*) < Cp". ‘

m In fact the main result is a geometric convergence results on the potentials
w.r.t. the Hilbert-Birkhoff metric.

m The compactness assumption is key.

39/49



Hilbert-Birkhoff metric

m Survey on this distance Lemmens and Nussbaum (2012); Kohlberg and Pratt
(1982); Bushell (1973).

Let (E, || - H) be a normed real vector space and C a cone:
> CN( ={0}.
> \C CCfor)\ZO.
» Cis convex.

m Let C be a part of the cone, i.e. for any x, y € C, there exist o, 8 > 0 such
that ax — y € Cand By — x € C.

m We define for any x, y € C

M(x,y) =inf{B>0: By—x€C} >0,
m(x,y) =sup{fa>0: x—ay€C}.

m Finally, we define the Hilbert-Birkhoff metric

[ di(x,y) = log(M(x,)/m(x,y)) .

D= {x € C : ||x|| = 1} is such that (D, dy) is a metric space.
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The Birkhoff contraction theorem

m Let (V,] -
convex parts of the cones C, C’ respectively.

), V', |l - |I") be two normed real vector spaces and C, C’ be

m Let u:V — V' be a linear mapping such that u(C) C C'.

m The projective diameter of u is given by

| A(w) = sup{du(u(x), w(y) : %y €C,llx| =yl =1} .|

m The Birkhoff contraction ratio of u is given by

| 5(w) = sup{s : du(u(x), u(y)) < vdu(x,y),x,y € C} .]

m Then, we have the following theorem.

Birkhoff contraction theorem Birkhoff (1957)

u Under the previous assumptions on u, we have

\K(u) < tanh(A(u)/4) . \
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In the space of continuous functions

m We have the following proposition.
Hilbert-Birkhoff in continuous spaces

Let Z be a compact space. F = [0, +00)” is a cone and F = C(Z, (0, +00)) is a
convex part of F such that for any A > 0, A\F C F. In addition, we have that for
any f, g € F

du(f, &) = log(llf/glloc) + log(llg/floo)-

m D: f+ 1/fisanisometry w.r.t dy.
m Hy: f— (x— g(x)f(x)) with g € Fis also an isometry.

m Consider the mapping Ey 1 (f)(x) = [, k( (y)dy (with
ke Cc(Rd x R?). We are going to compute 1ts pro_]ectlve diameter.

’A(Ek,l) < 2sup{du(f,1) : f € F} = 2sup{log(sup, f/infz f) : f € F}. ‘

m We find that A(Ex;) < 2log(sup,, k/ infzxz k). Hence, we get that

’ #(Ek,1) < (supzyz k — infzxz k)/(supz,z k + infzxz k) . ‘
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Convergence of the potentials

m Recall that the Sinkhorn updates are given by

A7) = 1) (Jpa (07 (x, y)dx)
(%) = w(x) fRdﬁ"+1 y)7°(x,y)dy) ™" .

The update is given by Hy, o Do Eo ; 0 H,, 0 Do E,0 . This is a contraction.

Denoting fy, fi the Schrodinger potentials

| da(F', 1) + du(F', f) < p"{du(1, ) + du(1, )} |

m This convergence result can be found in Chen et al. (2016).

m To obtain the W result we can proceed as in Deligiannidis et al. (2021).

m First results in Sinkhorn and Knopp (1967).

Figure 9: Contraction on cones. Image extracted from Peyré et al. (2019).
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Results in the non-compact setting

44 /49



Extension to non-compact setting?

m So far we have seen that the Sinkhorn algorithm converges exponentially

fast on compact spaces.
m What about the non-compact setting?

m First, we have the following convergence result.

Convergence of the Sinkhorn algorithm Nutz (2021)

Assume that [, exp[r|log 7°(x, y)[]d(v0 ® 1) (x, y) < +oc for some r > 1.
m Then lim,—, 1o KL(7"|7*) = 0.

m The exponential integrability condition is replaced by an uniformly
integrable condition in Ruschendorf (1995).

We also get the convergence of the potentials.

m We are now going to see what kind of quantitative rates we can achieve.
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A Pythagorean theorem

m This Pythagorean theorem was first established by Csiszar (1975) and is at the
basis of the projection theorem.

Let C C P(RY) be a convex set.

Let P € P(R?) and assume that P* = arg min{KL(P|Q) : Q € C} exists with
KL(P|P*) < o0 (hence is unique).

Then we have that for any Q € C

KL(P|Q) > KL(P|P*) + KL(P*|Q) .

Assume that P* is an algebraic interior point, i.e. for any Q, € C, there exists
a € (0,1) and Q; € C such that P* = a@Q, + (1 — @)Qs. Then, we have equality.

m In our Schrédinger bridge setting we have

’KL(ﬂo\ﬂ'*) > KL(7'|7") + KL(x'|7*) . ‘

m Iterating, we get that

’KL(W°|7T*) > S KL(r*|a*+) + KL(x™ ) | ‘
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Convergence rates

m Additionally we can show that
KL(m*|7*") < KL(#*|x*7"),  KL(x'|7%) < KL xb) .

» Combining this with the fact that 3, KL(7*|7**") < +00, we get that

’ limy s 4+ 00 n{KL(70|10) + KL(n2|11)} = 0 . ‘

m This is a quantitative rate on the convergence of the marginals.

m Drawing connections with Bregman gradient descent we also have the

following result.

Quantitative rate Léger (2021)

u We have the following rate

KL(my ) + KL(7}|1) < 2KL(7*|7°)/n .

m If 7* is close to 7 then the convergence is faster (constant is smaller).
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Limitation of the potential approach

m Recall that the dynamical formulation is given by

’W* = argmin{KL(7|7") : 7 € P(RH)Y), m = v, 7v = 1},

m Link with generative modeling:
> 7% € P((RY)N) is the discretization of the Ornstein-Ulhenbeck process.
» 1 is the data distribution.
» v = N(0,1d) is the easy-to-sample distribution.

m The Sinkhorn algorithm is very efficient in discrete settings (matrix
operations).

=0 \ ~

- N ~ \

Joo

Figure 10: Convergence of the Sinkhorn algorithm. Image extracted from
Peyré et al. (2019).

»L

m Limitation of the Sinkhorn algorithm for Schrédinger bridges:
» Learning the potentials (dynamic programming).

» Sampling from twisted kernels.
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Conclusion

m We have introduced a new generative modeling framework.
» Introduction of Schrodinger bridges.
» Connection with Optimal transport.

» Introduction of the Sinkhorn algorithm.
m Next time:

» Introduction of Diffusion Schrodinger Bridge.
» Implementation of DSB.

» Extensions of DSB.

[ "”‘ﬂ_— Forward A\» %
psB1| e ot w L
e . S
i T Backward ———————— “
DSB Steps H ; ;
(\ ’/"'_— Forward T, m
2 o o " -
DSBS| [T ]
o7 Backward
Y

t
t=0

Generative Model
t=T

Figure 11: Diffusion Schrodinger Bridge. Image extracted from De Bortoli
et al. (2021).
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